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FOREWORD

-

.1

Ed. Begle recently remarked that curricular:efforts during Ihe_1960's taught us a great _deal _about howiyi.
teach better .mathematics, but -very little about how to -teach mathematics ketter. The mathematician will,
quite'liketi,_ agree with:both parts oftihis statement. The layman, the parent, and-the :ileineniary school
teacher, hOwever, miestion.the thesis that the "new math",wia really better than the "old math." At best, the
fruits of the mathematics curriculum "revolution" were not sleet. Many judge theni_tbbe bitter.

While SCithe viewed the .curricular changes of the 1960's to'120,Privolutiomby," others *agreed.' ThoniaS,C._

O'Brien of .Southern -Illinois University at Edivardiville recently wrote, 14-*e have not made any fundamental -
change hi...School- Mathematica."1' He cites Allendoerfer who suggested that a ciirrictilimi which heeds the waYs
in which young children learn mathematics is needed.'_Sucli a curriculum would be based on understanding
of children's thinking and learning It is one thing, howrier,4u recognize that a conceptual model for math:ay"-
maticticurriculum, is sound ann necessary and to ask that the child's thinkinpind learning processes be heeded,
It is .:quite another to translate these idearinto a curriculum which can beiwd effectively by the ordinary
eleMintary achockteacher Warkinghl,the'didiniry,,elementary school classroom

Moreover; tO -propose that children'sthinidng-pr OcessikshoilIctServe is a basis for cniriculuM developinent,
is to presuppose that curriculum 'Makers agree on what these processes ire.'thials-nOt the case, but even if
were, -curriculum -makers . do net sigree On.the-iMplications which the understanding of theie!fhinking_process*
-would have for curriculum deliclopment: . .

--. ,

-;.---"

In the -World of today's elementary school classroom, -Where not much hope for drastic changes for the
better can be foreseen, it appears that in order tobuild-a-rnaliatic; yet souncthasis.for the rnatheiiititi ctirrig--
. , .

lum-, childien's,,mithematAcal: thinhing,niuSt_be studie'd intensiirel, .16 their -usual school habitat. -Given an
Opportunity to -think freely, -children clearly display:- certain patterns of thought as they deal with Ordinary
mathematical situations encountered daily in their classrooni. A videotaped record of the outwardminitasta-
690 of a child's- thinking, uninfluenced by any teaching on the part of the interviewer, provides a-rich source,
for conjectures as to what this thinking is, what mental structures the child has developed, apd how the child:
uses- these structures when dealing with the ordinary coneepti-of arithnietic, In addition, an intensive analySis
of this videotape._generates some Conjectures, as to he -possible sources of what adults view as children's
"misconceptions" and about the school environment. (the teacher and the thateriala) -"fightsi'the child's

. . . .,_

natural thought prociiies.

The Project for the Mathematical Development f Children (PMDC)2 set out to create a more extensive and:
reliable basis on which- to build- mathematics curriculum Accordingly, the emphasis in the first-phaseIs to try
to understand the children's intellettnal pursuits, specifiallytheir attemptstci acquire some basic mathemati,
cal skills andconcepti.

-ThePMDC, in its initial phase, works with children in grades 1, and .2. These grades seem to comprise-the
'crucial_years for the development of-bases for the-future learning of mathematics, since key mathematical--
concepts begin to form at these-grade levels. The children'emathematical develdpmeht is studied by means of:\

1. One-to-one videotaped interviews subsequently analyzed by, various individuals.

2. Teaching experiments in which specific variables are Observed in a group-teaching setting with five to
fourtetn children.

'3. Intensive observations of children in their regular classroom setting.

-
4. Studies designed to investigate intensively the

.
effect of a particular variable or medium on communica-

ting mathematics to young children.

Iwhy Teach Mathematics?" The Elementary 3chool Journal 73 (Feb: 1973), 258.68..

211MDC is supported by the National Science Foundation, Grant No. PES 7418106-A03."
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5. ,-;Fo0a1-:tiating, both, group and one- to-one_, designed' to provide further insighti hito.yoting Children's
.. ,.'isiadietnaticallmOwledge." _

_. ., .

. . . ....... . .

Tiati PMDC-ititiCuld the Advisory Board wish to report ,the 'Project's activities -and findings to all who are
interested in. mathematical edtication 'One Meanalai accomplishirg this is theiPMDC publication program. _

. . , .

.

litany- Indialduala -cOntributed;to.the activities of FrilDC. Its Adv.isory!Board-members are: Edward Begle,
Eaii*,--EdiirCis, Walter Dick, Renee Heary, JOhn!LeRlanc, 'Gerald Rising, Chula Smock, Stephen Willoughby°

--and Lauren Woodby. The principal .investigators- are Merlyn,Behr, Tom. Denmark, S4nley Munger, Janke
,- Fisk., *7:Hatfield, William McKillip, Eugene D. lichdls, Leonard ilikaart,-LesUe Steffe, anta thelEvaluntor,
:44), Carry. A special recognition-for this publication is given to the.PMDC PUblications .Committee,consisting. . .

. of Marlyn.Behr Chairnian);ThOmas.COoney and.tom.Denmark.

-Thanks are due' to the PMDC 'technical assistant, Max deriingi for videotape production; to the Project
administrative assistant, Janelle _Hardy, for coordinating the technical-aspects of the prePiratiOn of this report;
to__Miria-Pibiei for_ editing the manuscript; and to Joe Schmerier for the, yping:

!

A

Eugene D. Nichols,
Director of ',1441)C_.
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. .
. 'In _the early elementary school grades, much of the number work is presented to children in the form of

`open number sentences. In learning thf .basic addition facts, for example, children are expected to respondto

such sentences as 3, + 4 - . The question of What meaning, if any, symbolic sentences such as these have to

' children- is of concern in the research discussed inthisarticle. In order for teacners to communicate effectively

with children and ,teach under_each in a manner that enhances standind, they need to know what meaning such

-seAtences hive to childrell., ,

... ) _

The mathematical symbols which thildrea encounter early in the learning of arithmetic ars +, -, Ind Stich'

expressions as 3-+ 4. The symbot,r hai several meanings to adults. The most basic-is-probaigy that it is an

,abstraction of the notion of sameness. This is an intuitive notion of equallty'which arises froth-experience with

-Sathefiessof -the numerousness` of -sets of objects- in the. real:world. This is_the notion of equality Which we

would hope childen would exhibit. A more sophisticated notion, of .equality, which comes as a result- of ;

teacting,is that it is an equivalence relation. This means that such statements as 1 - 1, 2,- 2, 3 -- 3;etd. are I

true in- all cases. Similarly, using any whole-numbers, such statements as if.2-# 1 s 3, then'3-...g +1; are true i .

statements. And finally, such statements at if:3 .., 2 +. 1 and-2 + 1 1. 1 +2, -then 3 -1 +2 are also_true for'all l
'whole..numbers.,Theseare instances of refithci Fe, symmetric, and transitive properties, respectively. i

1 ,
. . . i

In Conducting research of concern in this papet, We raised queitaans like the following: :'

(1) Must addition sentences be of a certain form in order to be considered true by childrdn?

(2) Are the sentences 2 ± 4 - 0 and 0 - 2 +,4 viewed as, hiving the same meaning?

We also investigated children's understanding of such sentences as 3 - 5, 3 3. and 2 + 3 3 + 2.

Some insight, into children's ideas about such sentences was gained through non-structured individual

*.tervieWs with first through sixth graders. We preient a number of episodes from some of the interviews,

summaries of others, and some discussion of children's' remarks. In 03 repOrting, ritinarks enclosed inside

hiaCkets describe behaviors on. the part of the interviewer or the child..A- series of six dots ( ) in a

t nscript indicatei that some statements' have been omitted; Inc bracketed [and] in this same context in-
cate that the statements of the child are joined and related but kquestion Or comment from the interviewer

y have intervened.

FIRST AND SECOND GRADERS' IDEAS ABOUT EQ fIALITY AND ADDITION

We present several first and second graders' reactions to questions about the symbols in written addition

e tences of the form a + b = 0 , where a and bare small whole numbers. We begin with an interview episode

wt h a first grader K (IQ 1391) about 2 + 4 -0 . B is the interviewer.

Et: You read that [+], will you? What .foes that sign say?

K: Plus°.

B: What does it tell you U.. do?
a

K: It tells you to add; it tells you to do this [touches 2] and this [touches 4].

IQ reported is from Stanford-Binet short form.

6



6_,

c.

-1,

: .0. K...What can you tell me about-that [ ..] symbol?

K: Equal . . . [and] . . . thatneans, lIkatiris 2 plus . . . plus this .,equals 6. There ir.s to be an equal
right there..

Two other'.-first graders; who'Were presented withtsentences of the same form, responded in the following
.manrier.:-C (19 108);:When presented with 1 + 3 ,[] , says "I know what it is," and-writes 4 in He reads:

"1 plus' 3 equals 4:"-But, -win -questioned-about the meaning of +-and -1 + he says, "It's a.hatdy. I don't
He-is-unable to say. what - means. E (IQ 111) when presented with + 47 says that itIneans to

-put ilimber.6 in the [b].-E accepts-2 andi as numbers-b not 2 ± 4 "because you put a plus there." When
she is asked about-the meaning of +, -, and 2 + 4, she says shedoes not know.

Two-second,paders react asfollows: 14,(19 136) is rible to judge such sentences as 2-+ 3 7 5 and12 + 7'

.as trite or false. He accepts 2 and 4 as being numbers and says that-2 + 4 ISA number because if `,`you:put them

-both- together, it .makes another.nurnber;" He explains that the + means "adding" and attenipts to deicribe
viha,means.by saying: "when two numbers Are-added, that's what it,[answer]-turns out to be." 'p (IQ 128)
IS able toludge sentences like 2 +.3 - 5 and 2 + 3 - 7-as true or false. Shesays that2 and 4 are numbers but

about: 2 + she says, "I don't know, the t-means you add together to a nurnbcr a nurnbeekthe means

"what ....:thknurnbers equal up td." Thus,,in 3 + 4 7, "the 7 sign Means that., whit it :Ada up to."'

-Ali of the childienintervieWed were able to solve addition sentences: Further:lore, K, a bright first grader,
-and-,the Second-,graders accept expressions Illfe 2 +4 as meaningful, but this configuration of symbols suggests
"that-sot irething. must be done. They do not, for example, think.of 2 + 4-as being alame for six. The first
graders.c.and.:E have.a less mature understanding of +, and 2 + 4. They are unable to tell what these syin-
,holvareadwhen used either individually or in the context of a mathematitiiititirtence.' .

The above observations suggest that when children see a statement like 3 + 4 -0, they perceive it as a
stimnlus Calling for an answerto baplaced.sin the box.

HOW CHILDRENREACT TO SENTENCES OF THE -'FORM a + b

of.the sentences, of the form 0 - a + ois typical of almost all first and second graders who were
iiitervieWed. It is expressed in the following briefexcerPt from one interview,

,

B: How.do you think you-would read that [ + 4]?

(pause) . : . Blank ... blank equals 3 phis 4i;

0. KAThat can you say about that, anything? _

It's backwards! [changes - 3 +.4 to 4 + 3 - ]

B: Suppose I write [writes - V+ 5].

K: Now that plus [touches -0 has to be right there [touching ]; and that equals [touching -] has to be
right there [touchini-+] ; and I'm trying to acidup to 5 [K changes 2 + 5 to + 2 - 5].

We observe that K reacts to sentences like - 4 + 5 in two ways: She says it's backWards and rewrites it

.as 5 + 7 or interchanges the + and - so it becomes 0 + 4 --5. Later in the interview she comments about
saying, "Re, you asked the question backwards ... you can't go 7 equals 3 plus 4." Thus, although

K can reed and solve some of these types of sentences; she -has definite ideas about how they should be,

written.

^
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Let's look at how some other first graders react to sentences of this form. -When' C is presented with
01.1 Y 2,1hi. writes 3' - 1 + 2 and read_s this as "2 plus 1 equals-3:"Otien 3 +-5, E counts on her.fin-

_gers,, writes 8 3 + 5 and reads "5 plus 3 equals-8;"--Given 6 .! 4 +.1, she changes it to 6 - 4 +-10 saying "6
and 4 makes 10." But-when she is,-asked to read 6 is 4 + 10, she says, "I wrote -it wrong" and changes the sal..
tenCe,to15-r 4.-1-1' and reads "I_ plusA equals 5." Again, when given 3 2 +-1, she says "You should put a 5
hereji.e.,:, at . that doesn't equal, that doesn't make!" But when asked to read it, she says,- "Three

. . (pause) . .. yeah, that's I- was reading the wrong -way again:" LeitOlains that i + 3 -4 5 is easier than
5 72;_+ 3`"tecause side,-and'I'm used to having it on that side 5] ."

Another first grader, :r (10 1261 reacts to 2 + 5 by scribbling over and he changes 2 +5 to
2 + He explains that.......- 2 + 5 is "baCkwards" and asks the interviewer, "DO you reed backwards?"'

The second graders M and D react as follows; When M is given V+. 6, he:writes 8 - 3 + 5 and reads:
"8 equals 3 pliis 5." On the other hand, D also writes 8 - 3 + 5, but reads it "5 plus 3 equals 8." He shows
consistency in that, presented with 5 2 + 3, he reads it "2 plus 3 equals 5." But, given 3 + 8, he reads-it
"3"plu.s 5 equiLs 8."

0 . . .

:We observe. that only, the second grader M accepted a sent ence like - 2 + 5. The other children resist
sentences of this form and change them to the.forins 2 + 5 -0 or 0+ 2 T-5:

SENTENCESTRES,ENTED ORALLY

So far we have considered children's reactions to writtensentences..How do they react wfren theca sen-
tences are presented orally? We start again with an interview with'K.

. . . you to some stater 'fits which I read, and you tell -ine the answer yeah, no, true, false;
whatevg,comes to your mind.,5 equals 2 plus 3.

K: Yeah . [and] . . . 'cause see; like g ... 3, and here's plus and here's wo [writing 3.+ 2 - 0], and
then if you 1, 2, 3, and you add 2. Then, you've got 1, 2; 3, 4, 5. The answer is 5 [Writes 3 + 5]:

43: Oh, I see. I'm with you. I am going to write a sentence, all right? [writes 8 - 3 + 5] How about that?

!C:' But thit's still not equal. That's the wrong answer. [changes 8 3 + 5 to, 8 + 3 - 5 by writing + and
over the - and + signs, respectively] ,.-. [and] . you couldn't make it bel equals 3 plus 5 because
that means that would be the answer. But.ies at the wrong end!

When E is presented orally with the statement "5 is equal to 2 plus 3," she says, "It's not right" and states
further, "That [3] should be a 7." It appears that she perceived "5,is equal to 2v as 5 .t2; furthermore, she
did not accept the orally presented statement "3 is eqUal to 2 plus 1" and explained; "'Cann you put a-1'
insteactof a 5." On the other-hand, she did accept the orally piesenteci statement, '!2 plus 1 equals 3." Again,

jt_appears that.she.perceived 3 ..e.2 as 3

, When we compare K and E, we see that E displays irigidity of form in both written and orally presented
sentences, while K displays this rigidity only in writtemtatements.

WON-ACTION"SENTENCES FIRST AND SECOND GRAD ERS' IDEAS
5.

The childrbn's reactions we !"ave considered thus far concern sentences that differ only in the order of the
symbols, for example 2 - 5 and 5 - 2 + ,3. These sentences. are closer to .the form most encountered by
children than are such sentences as 3 - 3, 3 - 5, 2 + 1 - 1 + 2, and 4 + 1 - 2 + 3. The latter sentences either
have no .plus sign (e.g., 3 3), or they have more thar one plus sign (e.g., 2 + 1 1 + 2). These sentences do

. 3



not suggest an iction,.rather they. require a judgment about their truth-value. How do children react to such
.

sentences? We_ pretent first excerpts from an interview. ith K about 3 a 5 and 3 a 3.

B::' What can you say about that [31". 5]? 9

-Cross that line out ... [K writes over a to change 3 - 5 to 3 + 5].

'A: , Can I write this [3 = 3]? Does It make sense?

K: Hope .. [and] . . . because, bow you could fix that by going like this [changes 3- 3 to 0 + 3 = 3]
0 plus 3 equaLs3.

When C.is given the written statement 3 5, he counts on his fingers and writes 3 - 85. He is asked to
read it andsays, "5'... there's. no phis,. . . [and] ... that makes it wrong [and] ... put,a plus in the

........ -middle.'qii changes 3 - 85 to -3 + a 85 and when asked to read he says, "I'm going to read backwards, 3 Plus -
5 equals Erand_touclit,s each symbol as he readilt. He responds similarly to 3 a 3: It's wrong-beciute there's
no- plus" -and changes 3 -.:3 to 3 + - 61 E clod not aecipt3 5.but changes It to-2 + 3 = 5 and_explains,_"You

,puti 'plus _there and a 2 there . . . land; ; ._. 'cause then that makes. five." Giventhe written statement 3 =3,_
...-lhe says, "You should Put iphis here and a,... = while she changes 3 - 3'to..0 + 3 = 3. .

. -"'
. .

.:=-;-.....
When T.is_presented With the written sentence 3 - 3i-he saks,-"NOW if You had a straight line like that.. , -

:- [changes 3 - 31,o_3 - 3] it'dbe-"Subtrrictly";.it'd"be zero [proceeds_ to complete 3 :,, 3-as 3 3 0). When
. .

..._ pretented With 3 - 5, he respond.t similarly changing 3 - 5 to- - 5 and.then compleiessa....5= O.- -

'These are llepresentative reactions of first grade children.. These ihd Other: interviews reveal that, when - ',...

-contronted_with 3 - 5, they change it- to 3.4. 5 = 8 or 3 =5 - b. When presented with 3 - 3, they changeit tn.--- --'.-
6 + I 3, or 3 4-',3 - 6, or 3.1_3.=_0...That is, each equality-statemect-ictrairiforriie-dintition or subtrac-
tion sentence. 1 .

.
.

co

,

Lip setr-ndgraders display.a greater maturity in this context? Let's look arresponses of M and D: When M,
is -presented with the Written statement 3 - 3, he says "Yeah, 3 Phisr0.does equal 3, the 0 isn't-there but it's
supposed tog*. there. And zero's not there because zero's nothing!!! D explains that 3 - 3 is false because you
caill'addlhem [3-and -:3). She changes 3'- 3 to 3 + 3 - 6. Similarly, 3 - is "false . :. because 3 equals 5 is
not true "; she change 3 - 5 to 3 + 5 which is "true ... because you'can add em'."

.
Thus, both first and second graders reject sentences of the form a - b and modify them to assume the

-form a + b - or.a b . The latter form suggests an "action" to be perfcitibed, resulting in a sum or

di' ference.

0.

"NON1ACTION" SENTENCES- THIRD AND SIXTH DE'ItS' IDEAS

Ii...Ccur be argued that the perceptions of equality sentences held by first and second graders, discussed
above, are an expected outcome or the kind of instructionihe children receive. But,"what about third graders
,and above? Does the exposure to statements of commutative and associative properties btt$aden the children's
concept ot equality?

Iles examine -the thinking of the thirdgrader MA.(IQ 104). When asked what 3 - 3 means, MA says,
"Well, I don't know, but I can gileis. It could be the end -of some adding or subtracting." When asked if she
would like to fix it up, she writes 3 + 0 - 3.

Does.children's thinking Change by the time they reach the sixth grade? TA, a sixth grader (IQ 95), when
asked about the meaning of 3 - 3, says that this could mean "0 minus 3 equals 3" and writes0 - 3. Upon
-further.questioning, TA changes 3 - 3 to 6 - 3 - 3, then to 7 - 4 - 3, which she reads, "7. irilnus 4 equals 3."

.

4 o
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EQUALITY AND metrilPur,ATIVES..
.;

.The above reactions of first, second, third, and_sixth graders raise some doubts about their-understanding.
of equality. To prove the matter_ okundentancting,lt islelpful to examine symbolic representxdon.s in the
cohtext of man) puladves.1p9 children see the connection between statements like_3 3 and rearqbjecti? We
present two interview episodes with K. In the final episode, K is eked to consider two pilei of objects. ..-

. , . , . -

' B: What can you say about these two piles [5 sticks and 5 beans]? .
. .

I{: Like, there is 1, 2, 3, 4, 5 [counting sticks]. See they are the same thing; 3,and 2 [does I I I
i I

Ill 000Now look, 1, 2; 3; and here's our two. [does ] We see that makes' 5.
.11 °° t

B: What
a

can you say about this pile and this pile [pointing at sticks and _bans]?
. .. .

K: You see that pile [sticks]. If you had 3 and 2, it makes 5, you tee here's my 3 [shows 3 fingers], and
here's my 2 [fingers), and that makes 5 [fingers on` left Ond]: And here Ilseins] you have 3 [fin-
gers] aniiImakes 5 [lingers on right hand]: ; 0 .

. ____-----.,` 0 0. o QB: Whit can y ou tell meliboutihese two piles [5 beans; o .0 i?
1

0. o 0: o
.... .

- K: Here's 3 and here's 3 Does

7

Does

'00 0.0
3 '3

Ifl III

and then here's 2 and here's 2

0 0 '0
o

0
o

o e and that makes them be both be 1, 2, 3, 4, 5.
0

2 , 3 2
HI 11 111 .11

B: So what can you say about these.two piles?

0
0

They both make 5 . . ..candl you see,-if'I went like this ... 1, 2, 3, 4, 5 Does
0
0

3, 4, 5 Does

o. o
o

O 0
o

... they're both the same thing.
0

B: Can you use your pen to write something that tells me that these two piles are the same?

K: IYeah, [uses beans and traces around them to draw sets of dots:

. -

see they're still in the same order.... in the very same order.

B: So then what do you need tOr them to be the same

c"

1.

o 0 o 9b o
. _

o 0 o 0- . and says)] but you,
a.

5
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. .

'K: -Like, let's say here're thing ofsbeans drawl

. go like this .:. K explains as she draws

B: Now can yo u write so

arid here's a thing of beans ;Then

R.

t .
e, way that tells me that there's the fame number of beans here as here?

s

K: You see, if you went [traces lines from bein to bean in

them.

i . You iee,; that 'Matches

(6 .

.

-.
. .

B: Does anything occur to you that you csa,write that tells me that these two are the same? `You drqw a
picture. Can-you write something?

. .,

.

. ; . (paw)... Well, you go Bye this CAD
6

We obserVe that K in demo-narite in various ways that "5 things is the same as 5 thipgi." But she does
-not abstraciTo think '5 equals 5 -and does not write 5 - 5. It doei not appear thatic has macteatioUship

'between'"is the same as" and "is equal VS." . &

1To.suggest-more directly an interpretation of the statements 3 -3-anci=5 5, the interviewer asked K to .
,use beans.
,

B: Suppose that twrite this [5 - 5] . Can you show me what that means with beans?

a a
K: It means like, there's 5 beans for this number; 1, 2, 3, 4, 5 does f 5 - 5 I . There's these beans

51
does

*
3 9 . Then you go 1, 2, 3, 4, 5, and then you go like th is 1, 2;3, 4, 6,

e' .031

= -1

tB: If I write that [3 - 3], does that mean anything to you?
:

14
.

K: Yeah ... [and] . . you go like this [writes'3 - 3 + 0].

ToTi show, me what that meats with

.

. ,
.

K: Here's your 3 (puts beans 4:1; then pretend like equals ... I am not going to count that equal right

o
now,but- to pretend it's there. Then you got 3 over there [ d

0 o]
; and then you put ycur plus

a
d

cr

a 1. right here and then put your zeta right here writes imaginary + 0 with fingers: -4 a likeI.- ./.
I did theie, that's thrwholelquestion.

.

6

. 11
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JP

.
.
.. , .."

.
-.

6- )3: ..[Viritei 3 . 3] O.K. Cian yolkshow me what thatmeans with beads?
a

, -3 . . 4
K: That mean; that you have 3 beans over here [does Land that Means th)y are eqintiii-

o-N -- Bpi ..
-' number. C. 6 .1 ., ..

_...-------- ---------, ".'

.., ...t .. 7 .. l 1

Weotilerve that K is able to match a numeral. with-a setof objects and a-set of objeets with a numeral.
However it'does not appear that K isAble to abitract the relational statement 3 Iirom her own demonstra-, ppear a

, -

.1091 of the sameness of two sets of three. Thuil, it is riot:clear that K is able to "move".back end forth be-
tween object' demonstrations and correspondingerelational statements. Powevkr, we can: observe: iiiim K's
reactionlio mstnipulatives a degree of potential foradetittate underitsanding thacils notevident from her lea-
tan- tOw:itten,mathemitical statements.-,It does appear that K has a giood Internalized concept of4anienisi as
it relates to sets of objects. Wbat K.appears to ,r4ed is a teicheeinanipulatedlearning environment which will
provide,herxith situations vthich forcea need to tauThlate the demonstrations into symbolib sentetleeS!'

6°

. . ....,' .,
e .1 ,

*
' 1 , Nr, -I . .. ..

, .
. f. ' A kt.IRTHER,LOOK AT EQUILIYY c

. J.,

'.-- We_remarked_earlier that children, may react in vinous ways to,written and orally glyen sentences. A first 1

grader C-Was-presented. orally with 3 equals -S=and asked to writ-cit as .it-is read to you. He:Wrote 3,,+ 5 .
-When-the interviewerstressed, 3 ... . equal . .,. 5, C,wrote: 3and-then -;"5 3; and:then said, "Oops; you- 41..
forgot-the plus" and wrote: 5 + -3. -When the interviewer, read-very slowly-io:C, kequals 3, Cwrote 3 + ,_

stopped and,said,."I-messed up too. You said enual."-He *rote-3 .. 3, read "3 eqUal 3" and suddenly., "fkult;
that's kfault .... 'ca.use thati.] ain't supposed tei-6, iwthe middle." ..

N -.

,. ..,
, . .

A sixth grader D (IQ 131) had no difficulty acCeprig and writing equality statements of the forrik<Usats--
-sed abtive. However, when encountering fractioas4e revealed his concept of equality to tie in contrast io the-
conceptof sameness. In'this interview excerpt, N is the Interviewer.

-- .,

N: What about if f have a numbeirlilte that [writes
6]; what's that?
2

D: An.improper fraction.

N: Is that a whole number?

D: Unless you change ityou can change it into a whole number.

N: What whole number is that?

. Three.

' N: Three. If I'disk you: six-halves, is that a whole number, what would you say?

D: No.

N: Now, set's see [writes
6

3]. Is that 0. K.? Is that right?
2

D:. Yeah.

s

6
N:. Six halves equals three. This is iwhole number (points to .3 in - 3] ,-but six halves is not [point:, to

2
6 6 -
2 2

D: [Nods his head in agreement.]

7 .
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,

......_ .

:-.- -Novilhat,kind of, confuses the, to tell yoUlhe truth,-becittse if this is a whole number [tioints,to 3 in
2,...

.".. -,13.1,andl think you told me when I wrote sonietliing like this [writes 3 .13] you said, this and this
, ,--

',[points An each-3 in. 3 ii-.3] are the same_huniber; Now doesn'ttliisipoints to !and 3 in !- 3], say
4 A ?*

. -, .that this is the sanieMunhea ''`-'-'

just., says that they are equal to each otheritky have the same value, but that doesn't mean

that, thepire tke,saine number.

'P'0,J.pfit,[1x4u4 to 2,r_3] doesn't mean that -they are the same number.

. lAte,r,see that D distinguishes ;between _the concept of-equality (the-same-value) and the concept of same-,

tnest:; to tie- equal does,not mean to be, the-same. Thus; to b,.--and .3 are two different numbers, hailing the
2

.. I
1

.
-same !illite.,Fuithermore, 3 is a whole number and ,-

6
is not; it is an improper fractiOn. Later in the interview

. -, 2

;lie astern thstno'frietion lia4ho'le'murritier.,, ,
- ,;.-_,. _.,,,_ .

..--
. .., ..., ,,

,EQUALITY STATEMENTS WIT1,TIVOPLUS SIGNS, ..,

. -, % ,. _.. _ ' : .

'.We next eitaniine children'sjideas_about-such's temants t 2 t 3 - 3.+ 1 Theit are relational statements'
kiiiiiCh:',:cillier from such. statements- as 3 + 2 - 5 in that they have _two plus sivii.jigaiii,we begin-Va. an

k , ' ' ''

ihtervieiy* epiiiide-with,K.
* .

'k:aa.cetiis 2 +-3 ind 3 + 2 saying:

Yes, 'cause see, theY're,the same.question [pointing at the and 2's in*
rightociw,what about this_fsyritet2-+-3---3-+)-:

K: . . (pause) . _nom . . [and] 'cause see, yoU wrote two of the same thing. You didn't you
-didn't see, you put 2 plus 3 uals 3 plus 2 . .. [then] ... you didn't do it right [K changes 2 + 3 -
3 +Ile 24- 3 -= 5 and 3 + 2

.

- 5 + 1J?

. [and] .
- 'the equal [does 1,+

twii_other first graders

'With- the ;written sentence-1

,ply..sy2<-equaLs 3 [touching

..-1y.inbolsAn--
3

as each

"because + 3] doesn't
-3;:+-2:-":5`aild 2 + 3 r 5.

thisshoUld be an ansvat Hight here [does + 5 -1 + 5] ;Ind right there should be
6=1. + 5 -] and, the answer. ,

C and,Errevetted tostatemeuts of the same form as fOlicws : When 6 is presented

+ 2 - 2 + 1, he changes this to
1 .1-'2,- 2 + 1.

He reads
1 +,2 - 2 + 1

as follows: "1
3 3 3 3

1 + 2 -
the_sy.mbols in

3
as they are read] and "1 plus 2 equals 3" [touching the

.

is react]. First grader E accepts 2 + 3 ." 5 and 3 +2 - 5, hut not 3 + 2 - 2 + 3

have anything.. . . [and] . . . 'cause . . . [you] forgot.toyutthe.5." She writes
.

.. 13

0
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a

`Here. -are some-of the reactions of second graders.'M accepts 3-+ 2 2 + 3 "because they both have the
same- numbers. Only -2 plus 3 is-backwards." M sees a difference between**6 + 2 - 2 + 3 and-4 + 1 + -3

explaining that "Two four [pointing at 2 and 4] one three [pointing at 1 and 3] doesn't rhythe. There shod&
be aia here [touching 4] and a 2 there [touching 1], or a 2 here [touching 4] and a,3 here [touching 1]. -They-
are sort of equal-because they both equal, both equal 5. They don't go together; not'made the same ... [then],

both equal 5, but ,they'ie not the sanie." II does not accept 1 4.'4"---4-+-1 "because. you need d-a plus
there kr." -Similarly, she, does mot accept 3 + 2 - 2 + 3 "because you need to change it ,[] to plus." She

-changet.3'.+ 2 B2 +,3_to 3-+ + 2 10.

kthird grader M is presented with 3 + 2 2 +1-and-asked to read it.-She reads, "3 plus 2 equal," and
after -a-pause, "No, 3 pluS 2 equals," again a long pause, "2 plus 3." When asked if that means anything; she
says, "I don't know." When-asked' it she could tell-what -thia- ineant to r younger' brother- or sister, she holds
her hand over [2 + 3 In 3 + 2 - 2 + 3] and says, "Yoticould add'these" [tracing over 3 + 2 4.] and then-coyeis °

-3 + 2'- in 3 +.2 -.2 z 3 and makes the same Obseivatioit about 2 -+ 3.

`The essential ohservation to be made here is that these children do hot vievsentences like 2 + 3 -3 + 2 as-
being: sentences about number relationships. They do not-see these as, indicating -,the--sameness of sets- of
objects..Indeed; it appeaii, that the children-considered these asi"dti something" sentences. In: most cases the
presence of a-plus-sign-along with two nuMerals.suggests thai_another number is to be Riund. Moreover, in at
least-the- case of kt.ik does appear that he is concerned about' the "sameness" of, two expressions in-a symbolic,

;sense. To-him:2, + 3 44 + 2 is 0.-_K., 'because thelwo eipresiloni 2 +-3 and 3 + ihave the same ntimeraii, but`'
4 -+ -1-- 2 -t-i is not CV K., becatise they don't have-the same numerals "They don't-rhyme.!! -,

-' i . .

'Finally, let's observe K's responses to sentences like 5 +' 2 - 3 + 4 and how they itliffer with the mode of
presentation, oral or in writing. We present a portion-of an'interviety. :" "s

, .

li: Say we have 5' plus-2 . . . [writes 5 + 2 -) 1. I'm going to finish it this, [writes 5 +
(1. .

.t. ...............

..

K: . . . (pauses.. . . 'right here [does 5 +.2 - I 3 + 41 ] should be, yoUr answer, in..the box'( [3); and
then this-problem [toudhes 3 + 4] silkriespl 4n here [writes 3 + 4 below] ... [and] ... now, when_,, .....
yotLget this_box4.1e., 5 + 2:- gb go -like thisiwrites 3 + 4 - 0]:Theh-you put youranswer in.here .

[i.e., in the D's]. You don't write another probleni [i.e., after the - signj.
.- .

at

B: So I understanci_when-you-see-something-like-5-+-237-F1Tririting 5 + 2 - 3 + 41 that you really
.think of that as two problems?_--

K: Yeah . . [andj . . . this problem [5 + 2] makes 7 and this problem [3 + 4] ,makes 7. [K writes

7 7

%Again, as we observed earlier, K has definite idea's about how sentences should be written.

Now let's observe how K reacts to similar statements given orally.

B: . . . Now let me ask you again, 0. K.? Four plus five equals three plus six?

K:. Yeah.

B: 0. K. Now, when I write [referring to an earlier response] 4 plus 5 equals 3 plus 6[writing 4 + 5 -
3 + 6] , you say no. flow_ come when I read it you say yeah; and when I write it you say no? I'm

'curious.

K: 'Cause that' [points after - in-4 + 5 - 3 + 61 should be your answer. It's the end, not another prob.
:tem. Like if you went into Writing you'd go like this [writes 4 + + 9] .

a



K accepts orally presented statements such as 5 plus 2 equals 3 plus -4 more readily than shedoes the
CoireipOncling statements given in written form. A clue as to why she behaves this way is found in the exidana-
don of what she would do with 4 plus 5 equals.3 plus 6 '`if you went to writing": She transforms 4 + 5 3 + 6

into two statements, 4 + 5 - 9 and 3 + 6 - 9; then she compares the results of those statements.

1 SUMMARY AND IMPLICATIONS

tb
The question which originally motivated this-clinical interview study about children's understanding of

various forms of equality- sentences-was whether" chddren consider equality to be an operator or arelation.-As
an. operator symbol, would 'be a "do something signal." As n,relationai symbol, --suggests a comparison of
the- two Members of an- equality sentence. The interview data- presented suggest that children consider the

-synibol as -a "do something signal.", There is a strong tendency -among all of the children to siew the -
symbol .aiibeing_acceptable in .a sentence only, when one (or more) operation Signs_( +-, etc-.)1precede IL SOthe

children, in_ fact, tell us that the answer must come- aftor. the- -. We. observe in .the-children's behavior an'
extreme rigidity about-written sentences, an insistencerthat statements be written in a particular form, and a

.tendencif-10 perform actions (e.g., -add) rather than to reflect, make judgments, and infer meanings.-4oreover,
it is important to observe that there is no evidence to. sivjgest that-children-change In 'their thinking about%
equaliti as they get older-and progress to upper grades;In fact, the evidence Seems,to-be to the contrary.

What are the impliCations of thisinfonnation to the teachers of nutheiruttics? Is the conception of equal,,
ity- exhibited-by; these children-satisfactory or does it-Suggest. deepseatednotiOns which may (a) -cause diffi-
-CU1V -hi-learning other mathematical conceptS which involie equations,- or (b) be related to other, and posilldY

even imare!_basic concepts? It is possible that the limited and rigid corcept-of inequality that these children
exhibit_ leads to misunderstanding when children deal with probleins jike 8 +-7 8't ), etc._*hich

in rnany, current curricular materialSappear is, a-prerequisite concept fin. place value work. His also

thatthis limited' concept;of equality interferes with the later-development of algorithmiCOnsideri for exam
ple;.what'suth a sequence as

t

,-.

means to a,child whose concept of equality is essentially that °tan operator symbol.

,1

.

It is "also possible that the children,'s concept of equality is an operator s-17,mbol, rather than a relational;
symbol, is symptomatic of their limited understanding and experience with relationaitenns inleneral, such as
same, more, less, as many as, etc. This brings one very close to developmental, linguistic, and other considera-

tions which go beyond the intent'of this paper. . .,
1

47=40 +7
+32 -30 +2

- '16'44
--79 a

-

, 4

The_authors.take_thepoint-of-siewlhat-tee-behavior displayed by-theie children lePiesents,a very incom
plete conceptionindeed .a misconception from a mathetnatiCal point of view - about -a basic concept of
mathematies. Thus, the conclusion that we must attend to the problem of teaching children a more adequate
Concept of- equality, and, posiibly relational concepts in general,..is inescapable. One must be careftil not, to
-conclude that simply maldng sure that ,children are exposed to the various-forms of equality sentences will'
remove -.the problem. The behaviors uncovered in this investigation-suggest's. deep - seated mind set which
produces rigid reactions; particularly to written number sentences. Inherent in this is a more general questiOn
abutit how children attach Meanings to symbols and how they acquire relational concepts.

10-,
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